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International macroeconomics Monetary models

(postgraduate course)

Part I

Miscellaneous notes

1 Monetary models

1.1 Money-in-the-utility-function models

1.1.1 Model 1
Household:
M,
C1,é121,%)1(71\/[1 U(Cl) v (?1) + ﬂU(C2>7
subject to:
P Cy + M, + B, = P Y, A1,
PyCy = PYs+ My + (1+ R)By, Ag.
First-order conditions:
u'(C’l) - Pl/\l == 0, C'1
5"/(02) — Py =0, Cy
_)\1 ‘l‘ (1 + R))\Q == 0, Bl
1 M
Ev, <F11) — A+ =0, M.
Hence
R
v(m) = T (C),

With logarithmic utility functions:

1+ R
M, = ¢oP, (T) C,

02 == 6(1 + T‘)Cl.

1+ R 1 1+ R
P Cy 4¢P (T)CI+H——R{P26(1+T)01_¢P1 (T)Cl] =PY +
1+
1= 11
1+@+Fl
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1.1.2 A two-period model

Let:

w(C) = In(C),
(3)-on()

Household:

M
max u(Cy, £1) + v (—1> + Bu(Cy, L),

C1,C2,£1,82,B1,M; P1
subject to:
PlCl + M1 + Bl = Pl[wl(N - £1) +7Tl — Tl],
PQCQ = PQ[UJQ(N — 22) + Ty — Tg] + M1 + (1 + R)Bl,

First-order conditions:

UC(Clasl) — P\ = 0, 4
5“0(027 22) — Py =0, Cy
US(CI; 31) — Pyun A =0, £
Bug(Cy, Lo) — PywaAy = 0, Lo
A+ (1+ R\ =0, By
1 M
EU’ <F11) —/\1+/\2:0 Ml-
Hence
ug(Ch, £1) = wiuc(Ch, £1),
U;:(C2, 22) = WQUC(Cla 21),
U/<m1> = 1 T RUC(Cl,Ql),
uc(C1, £1) = B(1 + r)uc(Cs, L)
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With logarithmic utility functions:

w1 Ly = 017
waLs = Oy,
1+ R
M, = oP, (T) Ch,
Cy = B(1 4 r)Ch.
Firm:
P21 F (Ko, Ly) L L]+ !
Litaop AR R TR AT T
subject to:
K1:(1—5>K0+Il, .
First-order conditions:
Py [z FpL(Ko, L) —wy] =0, Ly
Py[2oF (K1, La) — we] = 0, Loy
P+ pu=0, L
1
Bl Fr(Ky, L 1—-0)]—u=0 K.
TR b 20 Fre (K1, La) + ( ) = 1

Hence:

wy = ZlFL(Ko,L1)7
wy = 29F (K71, Lo),
ZQFK(Kl, LQ) =1r-+ (5

Government:

P1G1:P1T1+Bl+M1,

P2G2+(1+R)Bl +M1 = PQTQ.

Hence:

R M, 1

Gt ——Go=T +——"Ly

1+r 1+R P, 1+r

1.1.3 An infinite-horizon model
Reference: |Walsh| (2001, chapter 2)
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2 The government’s budget constraint and Ricardian equival-
ence

2.1 Model with exogenous income

The maximization problem for the representative consumer is:

max u(Cy) + Pu(Cy), (49)

where

Co=(1+r (V1 —-T1 —Cy)+ Y, —Ts. (50)

The first-order condition leads to the Euler equation:
' (C1) = B(1 4 r)u'(Cy). (51)
Assuming logarithmic utility, we get:

Cy = B(1+4r)Ch. (52)

Additional assumptions:

T2 = (1 + T’)(Gl - Tl) + GQ, (53)
Si="1-Ti - CL. (54)

The model consists of the four equations (50), (52, and (54). Correspondingly, there are four
endogenous variables: C, Cs, Ty and ST. Solving for the endogenous variables, we get:

1 Yo — Gy
Clﬂ(K—Gl‘i‘ 1—}—7‘)’ (55)
_ b B Y, — Gy
Ty = (1+7)(G1 —Th) + Gy, (57)
1 Yy — Gy
J— _ _ - _
SP=Y, — T, 1+5<Y1 Gy + 1+r>' (58)

2.1.1 Result 1: Ricardian equivalence
Lowering 7} by 1 unit implies a rise of 7, by 1 + r units. Hence C'; and C}, are not affected by the

way taxes are distributed over the two periods. This is called Ricardian equivalence. A fall of T}
is matched by a corresponding rise in savings, S7.
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2.1.2 Result 2: Fiscal policy

Arise of G by 1 unit implies a fall (!) of Cy by 1/(1+ ) units and of C5 by 5(1+7)/(1+ ) units.
This is because higher current government spending, g1, implies a rise in future taxation, 75.

Similarly, a rise of Gy by 1 unit leads to a fall of C; by 1/[(1 + )(1 + r)] units and of C by
B/(1+ () units.

2.2 Model with endogenous income

Suppose we add the following equation to the model given by the equations (50), (52), (53) and
(RE

Y = C; + G (39)

The model has now five equations. The five endogenous variables are: Cy, Cy, Ts, Y7 and S%. The
solution is as follows:

Y -Gy
e B +r) (60)
02:}/2_6'27 (61)
TQ = (1 + T)(Gl — Tl) + GQ, (62)
Y -Gy
1= m + G, (63)
D _ o LG?
Si=Y1-T 30T (64)

2.2.1 Result 1: Ricardian equivalence

Ricardian equivalence still holds. Lowering 77 by 1 unit implies a rise of 75 by 1 + r units. Hence
(' and C}, are not affected by the way taxes are distributed over the two periods.

2.2.2 Result 2: Fiscal policy

Fiscal policy in the current period, G, leaves consumption in both periods unchanged. A rise in
GG1 by 1 unit raises Y7 by 1 unit (expansionary fiscal policy) and 75, by 1 + r units, leaving the
present discounted value of the consumer’s current and future disposable incomes unchanged.

A rise in future government spending, GGo, has a negative impact on consumption in both periods.
The consumer knows that higher government spending in the second period has to be financed by
higher future taxes, so he or she chooses to reduce consumption accordingly.
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2.2.3 Result 3: Accelerator effect

Note that the effect of Y5 and G5 on present consumption, C}, and income, Y7, is now much
stronger than in the previous model. The corresponding derivative of C; with respect to G is
now —1/[3(1 + )], whereas before it was —1/[(1 + )(1 + r)]. This is because there is now a
feedback of current consumption on current income. A rise of, say, GG by 1 unit makes C fall
by 1/[(1 + B)(1 + r)] units, this leads to fall of Y; by the same amount, another fall of C; by
1/[(1 + 8)?(1 + )] units, a corresponding fall of Y; etc. Hence the total fall of C (and hence Y})
is:

1 1 1 1 1
AC) = — 1 .| —ACG
! 1+6(+1+5+(1+5)2+(1+B)3+ >1+r 2 65)
SN NVNe.
T Bl ?

Note that we have applied here the formula for the infinite geometric series. Provided |z| < 1,

1
1—xa

l4+o+224+22+... = (66)
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3 Digression on growth rates

3.1 Growth accounting

We can derive the relationships between growth rates by direct calculation in both discrete and
continuous time.

In the continuous-time case, we may alternatively use “log-differentiation”, that is:

* first take the logarithm of a variable and

* then differentiate the resulting logarithm with respect to time.

This produces exact growth rates since:

dlog(z) 1 " dz

2
dt Zt dt Zt “ ( )

where the dot above z; indicates the derivative of that variable with respect to time and where the
hat above z; indicates its percentage change.

In the discrete-time case, we may alternatively use “log-differencing”, that is:

* first take the logarithm of a variable and

* then apply the difference operator.

This produces approximate growth rates since:

Alog(2.1) = log (@) ~log (1 N w) N el Y 68)

Zt 2y 2y

where the approximation is good provided (z;,1 — 2;)/2; is small.

3.1.1 Example 1: Summation of variables

Summation of variables:

z=x+y. (69)

Direct calculation in discrete time:

Az Az + A xy Az A Ty, .
5 = 1 _ t+1 Y1 _ Tt DTt + Ye 2Yr1 _ a4 &yt. (70)
2 2 2 Ty 2t Y 2t “t
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Log-differencing:

Tepr + Yep1 — (B +9) 2,

2 ~ Alog(ziy1) = Alog(xiy1 + Y1) & = —Tt+ =Yt

Zt Zt
Direct calculation in continuous time:

Z2=—-= T+ =y.

z x—i—y_zx zZYy

z T+ 9 T T ) T
y_wd yy Ty
z z

Log-differentiation:

dlog(z) dlog(z+y) o+y _§z+gy B

dt dt r+y zx 2y

z =

3.1.2 Example 2: Multiplication of variables
Multiplication of variables:

z = xy.

Direct calculation in discrete time:

5 = Azgpr Alwgayrr) o+ Azep]fye + Ayep] — 2y
. =

24 TtYt TtYt
=T+ Y + LYy = Ty + Yi-

Log-differencing:

2 = Alog(2e41) = Alog(wi1ye1) = Alog(zyr) + Alog(yer1) = &t + Ui

Direct calculation in continuous time:

. 2 wytwy
Z=—-—=—=0+Y.
4 Ty

Log-differentiation:

dl1 dl 1 Y
5 dlog(z) _ dllog(x) +log(y)] _ & 4 _ .
dt dt xr Yy

8 September 2024 9

(71)

(72)

(73)

(74)

(75)

(76)

(77)

(78)



International macroeconomics
(postgraduate course)

Digression on growth rates

3.1.3 Example 3: Division of variables

Division of variables:

T
z=—.
Y

Direct calculation in discrete time:

T+ AT 3y R R R R
s Az  wthyea w LT — (14 9) Ty — Y

e 2y B oL L+ _1‘|‘Z)t

Yt

Log-differencing:

Z~ A 10g(»’«’t+1) =A 10g<xt+1/yt+1> =A log(xtﬂ) - AlOg(ytH) N Ty — Ui

Direct calculation in continuous time:

TYy—xy . .
R z y2 Ty —xY ~ ~
2= — = Z = = r — y
z m xy
Log-differentiation:
. dlog(z) _ dllog(x) —log(y)] & ¢ .
Z = = =——=-=x—Y
dt dt x Yy

3.1.4 Example 4: Multiplying a variable with a constant

Multiplying a variable with a constant:

Z = ax.

Direct calculation in discrete time:

A Az AT¢y1 — ATy Tip1 — T A
Zt = = = = "L‘t‘
Zt al¢ Tt

Log-differencing:

2~ Alog(z+1) = Alog(azitr)
= log(a) + log(z;11) — [log(a) + log(x;)] = Alog(ziy1) ~ iy

Direct calculation in continuous time:
.z axr T
Z = —- = — = — = l'.
z ar z

Log-differentiation:

dlog(z) dlog(ax) dlog(a) N dlog(r)  dlog(x)
a —  dt  dt a  dt

z =
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3.1.5 Example 5: Taking the power of a variable

Taking the power of a variable:

=X .

“ (89)
Direct calculation in discrete time:
1 1 -2 2
o Azyy  apy —af af+ax) Az + za(a — 1oy " (Azyyq)* — o] ~ b
t p— —_— ~~ ~ t
2 xy ’
(90)

provided Az is small, where x¢_; has been approximated using a second-order Taylor series

expansion around x;.

Log-differencing:

2 = Alog(z41) = Alog(zf, ;) = aAlog(wiy1) =~ aiy.

Direct calculation in continuous time:

Log-differentiation:

dlog(z) _ dlog(z®) _ adlog(az)

dt dt dt

= al.

z =
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4 Elasticity of intertemporal substitution

An asset that is continuously reinvested with a net return of 7 has the following value V':
Vi, =e. (94)
The net return during an infinitesimally small period dt is r since by L'Hopital’s rule:

d‘/t ) 67“dt -1 ) Terdt
VTS Tdr a1 " ©>

The elasticity of intertemporal substitution is defined as:

4 4
_2c _"cC
o= ddv‘f o (96)

It turns out that the elasticity of intertemporal substitution, o, is equal to the inverse of the para-
meter of relative risk aversion, . To see this, one can combine the above definition of the elasticity
of intertemporal substitution with the Euler equation that results from optimizing consumption over
time. The Euler equation yields:

u'(C) = (14 r)u'(C +dC) N

= r~n(l+7r)=—In(8) —In (%) — I(g) — ‘Zf((g)) (98)
_ g (HCHdO)y du'(C)

= dr = d1< pites > o) (99)

Now substitute the return of the asset, r, into the definition of the elasticity of intertemporal sub-
stitution, o:

_d6 __de WO _1 (100)
odr dCZ‘/'((CC)) o Cu(0) v
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