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International macroeconomics Ricardian equivalence
(postgraduate course)

Miscellaneous notes

1 The government’s budget constraint and Ricardian equivalence

1.1 Model with exogenous income

The maximization problem for the representative consumer is:

I%?X u(Cl) + 5%(02), (1)
where
Co=10+r)(Y1—T1 —Cy)+ Yy, — To. (2)

The first-order condition leads to the Euler equation:

u'(Cr) = B(1 4 r)u/(Cy). 3)
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Assuming logarithmic utility, we get:

CQ = 5(1 -+ T‘)Cl. (4)

Additional assumptions:

Ty = (14+7)(Gi —Ti) + Gy, (5)
=Y, — T, - C. (©)

The model consists of the four equations (2)), (4), (5) and (6]). Correspondingly, there are four endogenous
variables: C, Cs, Ty and SY. Solving for the endogenous variables, we get:

1 Y; — Go
Clm(yl—cﬁ—F 1—|—’r’>’ (7)
_ B Yy — Gy
02—1+ﬁ(1—|-7“)(y1 G1+ 1—|—7“)’ (8)
T = (1 + T)(Gl — T1> + G, 9)
1 Y; — Gy
[ - _ - _
S1=Y1 -1 1+5<Y1 G+ 1—|—7“>' (10)
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1.1.1 Result 1: Ricardian equivalence

Lowering 7} by 1 unit implies a rise of 75 by 1 + r units. Hence C; and (5 are not affected by the way
taxes are distributed over the two periods. This is called Ricardian equivalence. A fall of 77 is matched
by a corresponding rise in savings, S7.

1.1.2 Result 2: Fiscal policy

A rise of (G1 by 1 unit implies a fall (!) of C} by 1/(1 4+ ) units and of Cs by 5(1 + r)/(1 + () units.
This is because higher current government spending, (G1, implies a rise in future taxation, 75.

Similarly, a rise of G5 by 1 unit leads to a fall of C; by 1/[(1+3)(14r)] units and of C5 by 3/(1+ /) units.
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1.2 Model with endogenous income
Suppose we add the following equation to the model given by the equations (2)), (4)), (5) and (6)):
Yi=01+G. (11)

The model has now five equations. The five endogenous variables are: C, Cy, Ty, Y] and S}. The
solution 1s as follows:

e
Cy = BI+r) (12)
Cr =Ys — Gy, (13)
T2 = (1 + T’)(Gl — T1> + GQ, (14)
Yo -Gy
s + G, (15)
D . . }/2 _GQ
S{=Yi-Ti- g (16)

1.2.1 Result 1: Ricardian equivalence

Ricardian equivalence still holds. Lowering 7} by 1 unit implies a rise of 75 by 1 + 7 units. Hence C}
and (), are not affected by the way taxes are distributed over the two periods.
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1.2.2 Result 2: Fiscal policy

Fiscal policy in the current period, (G1, leaves consumption in both periods unchanged. A rise in G; by
I unit raises Y7 by 1 unit (expansionary fiscal policy) and 75 by 1+7 units, leaving the present discounted
value of the consumer’s current and future disposable incomes unchanged.

A rise in future government spending, G5, has a negative impact on consumption in both periods. The
consumer knows that higher government spending in the second period has to be financed by higher
future taxes, so he or she chooses to reduce consumption accordingly.
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1.2.3 Result 3: Accelerator effect

Note that the effect of Y5 and 5 on present consumption, C, and income, Y7, is now much stronger
than in the previous model. The corresponding derivative of C; with respect to G is now —1/[5(1 +1)],
whereas before it was —1/[(14)(1+7)]. This is because there is now a feedback of current consumption
on current income. A rise of, say, G by 1 unit makes C fall by 1/[(1+ 3)(1 4 )] units, this leads to fall
of Y7 by the same amount, another fall of Cy by 1/[(1 4+ 8)*(1 + )] units, a corresponding fall of Y} etc.
Hence the total fall of C'; (and hence Y)) is:

1 1 1 1 1
AC)=——— 1+ + + + ... AG
: 1+6< 1+8 (1+8)?2 (1+p)3 )1+r ’ a7
11 AC
T Bl
Note that we have applied here the formula for the infinite geometric series. Provided |z| < 1,
2, 3 1
4o+ +2°+... = : (18)
l—=x
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2 Digression on growth rates

2.1 Growth accounting

We can derive the relationships between growth rates by direct calculation in both discrete and continu-
ous time.

In the continuous-time case, we may alternatively use “log-differentiation”, that is:

* first take the logarithm of a variable and

e then differentiate the resulting logarithm with respect to time.

This produces exact growth rates since:

dlog(z) 1 y dzy 2z

dt Zt E B Zt

where the dot above z; indicates the derivative of that variable with respect to time and where the hat
above z; indicates its percentage change.

Zts (19)
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In the discrete-time case, we may alternatively use ’log-differencing”, that is:

e first take the logarithm of a variable and

e then apply the difference operator.

This produces approximate growth rates since:

Alog(zp,y) = log (@) ~log (1 N w) N Sl Y 20)

Zt Zt 2t

where the approximation is good provided (2.1 — 2;)/2; is small.
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Digression on growth rates

2.1.1 Example 1: Summation of variables

Summation of variables:

Z2=T+Y.

Direct calculation in discrete time:

. Azt—l—l A$t+1 + Aym Lt A35t+1 Yt Aym Xt . Yt .
Zt o —_— _— — + _ o —:U —|— _yt'
Zt Zt Zt Xt 2t Yt Zt Zt

Log-differencing:
T+ Yo — (T + ) T Y

z &~ Alog(z41) = Alog(@in + Y1) = = It Y
t

2t 2t

Direct calculation in continuous time:
z'_x'+y_:13:it+yyf x Y
z

J =
z Tty zZzx Y Z

Log-differentiation:

dt dt r+y zx  zZy

. dlog(z) dloglx+y) +4+y xi& yy =
z = _
z
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Digression on growth rates

2.1.2 Example 2: Multiplication of variables

Multiplication of variables:

z =Y.

Direct calculation in discrete time:

. Dz A(Tt11Yt11) _ v+ Azpa]|ye + Ayia] — iy

2t = = =
Zt TtYt TtYt

= Ty + U + T R Ty + Yy
Log-differencing:

Z = Alog(2i41) = Alog(z11yi1) = Alog(xiy1) + Alog(yi1) =~ Ty + G-

Direct calculation in continuous time:
2 xy+ v P
z2=—-= WA _ T +y.

z Y

Log-differentiation:
dlog(z) _ dflog(x) +log(y)] _ 2

N dt dt x Y
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Digression on growth rates

2.1.3 Example 3: Division of variables

Division of variables:

x
z=—.
Y

Direct calculation in discrete time:

re+Are ay N - ~ N
t — - €T - A - A ~ t - t'
2t y—f L+ L+

Log-differencing:

Z & Alog(2e41) = Alog(wei1/ye1) = Alog(xrs1) — Alog(yes1) = & — Ui

Direct calculation in continuous time:

TYy—xy ) )
2 Ty — Y

LY

z

<

2 — i

z

< |8

Log-differentiation:

dl - '
5 %@L:ﬂ%@)l%@ﬂzf_yzi_@
dt dt xr Yy
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Digression on growth rates

2.1.4 Example 4: Multiplying a variable with a constant

Multiplying a variable with a constant:

<z = ax.

Direct calculation in discrete time:

A Azi1 ATy — axy Ll — A

2t = =
Zt ax Tt

— QAft.

Log-differencing:
z = Alog(zi1) = Alog(axii)

= log(a) + log(z+1) — [log(a) + log(x)] = Alog(z41) =~ 2.
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Direct calculation in continuous time:
. Z ar x A
zZ  ar x

Log-differentiation:

dlog(z) dlog(ar) dlog(a) N dlog(z)  dlog(x)
e dt  dt e dt

z = = . (40)
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2.1.5 Example 5: Taking the power of a variable

Taking the power of a variable:
z=x" (41)

Direct calculation in discrete time:

a a—1 1 a—2 2 a
Az aty —apaftaxiT Az + zala — Dy (Avgga)® —af A
2= = pa— - R aty, (42)

provided Az, is small, where x{, | has been approximated using a second-order Taylor series expansion
around z;.

Log-differencing:

2~ Alog(z41) = Alog(xf,) = allog(wi) =~ ady. (43)
Direct calculation in continuous time:
. a—1 -
z  ax* 'z
Z=—= = al. (44)
Z x?

Log-differentiation:
dlog(z)  dlog(z?) dlog(x)
i dt " dt

= az. (45)

z
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3 Elasticity of intertemporal substitution

An asset that is continuously reinvested with a net return of 7 has the following value V':

V,=¢e". (46)
The net return during an infinitesimally small period dt is r since by L’Hopital’s rule:
dv; erdt —1 r erdt
— =lim —— =1 =r. 47
Vi dtlino dt dtlino 1 " 47
The elasticity of intertemporal substitution is defined as:
Je< g
_ _Cc _~7C
o= T (48)
Vi

It turns out that the elasticity of intertemporal substitution, o, is equal to the inverse of the parameter of
relative risk aversion, ~y. To see this, one can combine the above definition of the elasticity of intertem-
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poral substitution with the Euler equation that results from optimizing consumption over time. The Euler
equation yields:

u'(C) = B(1+r)u'(C+dC) (49)

=r~In(l+r)=—In(f) —In (u (Z(—E,C)ZC)> = —In(8) — Cfl:f((cc;) (50)
— am v (C'+dC) _ du'(C)

= dr = dl( C ) e (51)

Now substitute the return of the asset, r, into the definition of the elasticity of intertemporal substitution,
o:

,_de__de W) 1 (52)
dr ddlf’((g;) - Cuw(O) v
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